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Universal Coding for Sources with Partially Ordered Probabilities
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Abstract — We suggest an algorithm of calculations
of the optimal universal code for a source which gen-
erates letters with unknown probabilities but it is
known that they are ordered according to a given
partial order. This problem is well known in biol-
ogy, mineralogy and other applications of Information
Theory, see [1]. This algorithm is based on the rela-
tion between the redundancy of universal codes and
channel capacity.

I. INTRODUCTION

Let A be a set of objects. By definition, the binary tree L
is a retrieval tree for the set A if for every a from A there
exists in L a leaf corresponding to a. Each node of the tree
corresponds to an attribute. If somebody wants to use the
tree for identification of an object he should do it as follows:
first, check the attribute which corresponds to the root of the
tree. If the object possesses that attribute, go to the left of the
root; if it does not, go to the right. Moving in this way from
one node to another, one finally reaches a leaf which is labelled
with the name of the object. Let us denote by L(a) the length
of the path from the root to the leaf. Of course, the smaller the
average number of L(.), the smaller the time of identification
and the better the tree. More exactly, if it is known that an
object a € A has probability p(a), then, it is natural to define
the average cost of the tree L by: ¢(L,p) = ), p(a)L(a).
It is well known that the minimum of the average cost ¢(L, p)
over the set of all trees is close to the Shannon entropy h(p) =
=2 weaP(a)logp(a) and the difference r(L,p) = c¢(L,p) —
h(p) is defined to be the redundancy of the tree L.

‘We address the problem of construction of the tree when the
probability distribution is not known exactly. For instance,
the probability to meet a biological object is never known ex-
actly because it depends on the year, the month, the place, etc.
On the other hand, there exists information about frequencies
of occurrence of species. Thus, it is known that some species
are observed very rarely (and a few examples are saved at zo-
ological or botanical museums),and other species are observed
quite often, but never in big numbers, and, at last, there ex-
ist a small number of species that are observed everywhere
and quite often. Such information can be naturally presented
as a partial order w on the set of probabilities of species oc-
currence. Let the set P, contain all probability distributions
p(.) on A which correspond to the order 7. (It means that if
a; < a; according to the order 7 then p(a;) < p(a;) for every
p € Py for all 4,5 ). For every retrieval tree L on A and every
partial order m we define the redundancy of L for the model
Py by: R(L,P;) = sup,cp, r(L,p) We will say that a tree o
is optimal if R(«v, P;) is minimal (over all trees).

II. THE ALGORITHM
In this report we suggest an algorithm for the construction
of an optimal tree corresponding to an arbitrary order.
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Let us give some definitions.For two distributions p and
q the Kullback-Leibler divergence is defined by: r*(p,q) =
> weaP(a)log(p(a)/q(a)). For a family of distributions P and
a distribution ¢ we define R* (P, q) = sup{r*(p,q);p € P} and
let R*(P) = inf R*(P,q) where inf is taken over all distri-
butions ¢ on A. Let P be an arbitrary family of probabil-
ity distributions on A. Let M(P) be the set of all proba-
bility distributions on the family P and by definition, u(p)
means the probability of a distribution p € P. The out-
put distribution 7y,(.), the mutual information I(x,P) and
the information rate of a channel (or channel capacity) c(P)
are defined as follows: 7.(a) Epepu(p)p(a),a € A,

I, P) = 3 cpi(p) Y cap(@)log(p(a)/ (3, p n(p)P(a)),
C(P) =sup{I(y, P);p € P)},see [2]. It is also known in Infor-
mation Theory that for every family of distributions P on A
R*(P) = ¢(P) and, if ¢(P) = I(v, P) then R*(P) = R*(P,v.)
(This result was obtained by Gallager [3], but his paper was
not published. Then, the result was independently found and
published in [4]; see also a note[5] and editor’s comment after
the note).

For an arbitrary partial order 7 on A let C contain all dis-
tributions on A that can be presented as permutations of co-
ordinates of one of the vectors (1,0,...,0), (1/2,1/2,0,...,0),
..., (1/n,1/n,...,1/n) and each distribution should corre-
spond to the order .

Theorem 1. Let A be a finite set and 7 be an partial order
on A. Then the mazimal redundancy of any code for A is no
less than the information rate ¢(Cr) of the set Cr. On the
other hand, there exists such a code L, that its redundancy s
no more than ¢(Cx) + 1.

Remark To make such a code, take the distribution v
for which ¢(Cr) = I(v,C) and develop for the distribution
g-(a) = ZpEP v(p)p(a),a € A, the Shannon code L, for
which L, <loggx(a)+ 1.

It is important to note that Cr (in contrast to Py) is finite,
that is why a numerical algorithm can be used to find v.
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