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Abstract — We present a general framework for
computing the capacity of channels with feedback and
side information. We introduce and then generalize
Massey’s directed mutual information. [3] Dobrushin
introduced a view of channel coding as that of in-
terconnecting a message source to a channel. [1] We
extend this view of interconnection to channels with
feedback. Full details can be found in [4].

I. CHANNEL CODING WITH FEEDBACK
We are given a channel {P(B; | a*,b*~!)}1_, with finite input
and output spaces A and B respectively. Assume, for now,
that we have unit one delayed feedback to the encoder. Hence
we need to use code-functions: f; : bt = a,.

By interconnecting a code-function distribution, P(FT),
to the channel we can construct a new, equivalent chan-
nel without feedback: {P(B: | ft,4"')}_,;. We then apply
Verdu and Han’s [5] coding theorem to this new channel:
C =suppp) I(F; B).

We can reduce this optimization to one on the orig-
inal A — B channel. First assume the time-ordering:
A1,B1,A3,Bs,...,Ar, Br. The joint measure can be fac-
tored with respect to this ordering: P(AT,BT) =
1, P(B: | a',b'™") @ P(A¢ | a'~1, 057,

One might conjecture: C' = Supp(4, | gt-1pt-1y} L(4; B).
This conjecture is wrong. Under feedback P(B; | a™,b'71) #
P(B; | a',b'""). Hence we define the directed mutual infor-
mation [3], [2]:

) P(BT | AT)

(AT Ty = Ellog———-+—~1
where P(BT | aT) = @, P(B; | a',b*"').  Note
that I(AT — BT) < I(AT;BT) with equal-
ity when there is no feedback. We construct a
code-function distribution as follows: P(fi|f*™" =

I1 P(a | fu, f2(b1), s froa(B'72),0°71).
(bt=1,ar)egraph(s:)
Theorem 1: C = sup
{P(A¢ | a?=1bt—1)}
T 1 B(BT|AT
I(A—> B) = l%%:(l)’lljf 7 log %
We can treat the case of noisy feedback by considering the
two-way channel used for one way communication. The for-
ward and backward channels are {P(B; | a*,at,b*=*,b' =)},
and {P(B; | a*,a’,b*,b*"")}{_, respectively. The time order-
ing is: Al, Al, Bl, Bl, A2, Az, BQ, B2, ey AT, AT, BT, BT.

I(A — B) where
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Theorem 2: For the noisy feedback channel
o Tpr PAT,BT 5T | 4T)
P(AT,BT)

lim inf % log

sup
inprob

{P(4; | at—1pt—1)
P(A; | at=1pt=1)}

II. MARKOV CHANNELS WITH SIDE INFORMATION

Consider the following Markov channel with state
St: {P(Bt |St, at)}thl and {P(SH_l |St, at)}thl . The
side-information at the encoder, Ey, and de-
coder, D;, are described by {P(E: | s:)}; and

{P(D: | s:)}Z1 respectively. The time-ordering is
Si,E1,D1,A1,B1,S2,E2,D», Az, Bs, ..., ST, ET, DT, AT, BT.

Theorem 3: For the Markov channel
>, P(sT,p7,BT | AT)

C= su liminf X Io
{P(A¢ | ef,at—?,di—l,bt—l)} inprob T g P(DT,BT)
Assume the receiver observes the state: D; = S;. Then

C = sup I(A — B, S). Furthermore this
{P(At | ei,ai—l,dt—l,bt—l)}

directed mutual information can be decomposed into a run-
ning cost: 1(AT — (ST,B7)) = Z?:l I(Ay; B | B, 8% +
ST I(Ag Seqr | BY,SY). (When there is no ISI the sec-
ond summation is zero.) We can then formulate this op-
timization as an average cost dynamic programming prob-
lem where the “control” is the choice of input distribution:
P(A; | et a1 b1, [4]

III. MULTIPLE ACCESS CHANNELS WITH FEEDBACK
Consider the multiple access channel with feedback:
{P(Zt | xt)ytazt_l)}thl-

Theorem 4: The capacity region consists of all pairs (R1, R2)

satisfying

R <I(XT - Z7|YT), R, <I(YT —» ZT | X7T),
and Ry + R < I((XT,YT) —» Z7)

for given input distributions: P(X; | «'7',27') and

PY: | 7'z} Where I(XT — ZT | YT) =

Ri P2 | 2’2" ])
E (log ®L, P(ze [y-TtT) )"
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